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Supersymmetric branes in the matrix model of app wave background

Dongsu Bak*
Physics Department, University of Seoul, Seoul 130-743, Korea

~Received 14 August 2002; published 28 February 2003!

We consider the matrix model associated with app-wave background and construct supersymmetric branes.
In addition to the spherical membrane preserving 16 supersymmetries, one may construct rotating elliptic
membranes preserving 8 supersymmetries. The other branch describes rotating 1/8 BPS hyperbolic branes in
general. When the angular momentum vanishes, the hyperbolic brane becomes 1/4 Bogomol’nyi-Prasad-
Sommerfield~BPS! preserving 8 real supersymmetries. It may have the shape of a hyperboloid of one or two
sheets embedded in the flat three space. We study the spectrum of the worldvolume fields on the hyperbolic
branes and show that there are no massless degrees. We also compute the spectrum of the 0-2 strings.

DOI: 10.1103/PhysRevD.67.045017 PACS number~s!: 11.27.1d, 11.25.2w, 11.30.Pb
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I. INTRODUCTION

Recently there has been much attention to string theo
in a pp wave background, which may be obtained from t
Penrose limit of AdSp3Sq geometries@1–21#. Remarkably
the string spectrum in this background arises from a cer
subsector ofN54 super-Yang-Mills theories@3#, extending
the usual AdS conformal field theory~CFT! dualities.

The matrix model of thepp wave background is also con
structed in Ref.@3#. The relatedpp wave metric may be
obtained from the Penrose limit of AdS73S4, which arises
as a near horizon limit of M5 branes. Compared to the us
matrix model @22#, the matrix model in app wave back-
ground includes mass terms and couplings to the backgro
four form field strength. All the degrees become massive
the flat directions of the usual matrix model completely d
appear, which makes the theory more accessible than
usual matrix model. Despite the presence of the mass t
and couplings, the model in app wave background still pos
sesses real 32 supersymmetries.

Because of the Myers effect@23# induced by the back-
ground four form field strength, the matrix theory allows 1
Bogomol’nyi-Prasad-Sommerfield~BPS! fuzzy sphere solu-
tions @3#. The fuzzy membrane corresponds to the gi
graviton wrapping two sphere of S4 expanded by the effec
of the four form flux@24#. Other simple time-dependent 1/
BPS configurations are constructed there, which may be
terpreted as a collection of D0 branes rotating around a fi
axis with an angular frequency corresponding to the nat
frequency provided by the harmonic potentials of mass te
These are nothing to do with the expanded branelike c
figurations.

In this paper we study more general BPS brane soluti
in the matrix model. For the related discussions on the
branes in a pp wave background, see Ref
@5,11,17,18,20,21#. The usual flat D2 branes cannot be su
ported in this model because all the coordinates acquire m
terms. Instead we find two branches of membrane soluti
The first describes rotating ellipsoidal branes preservin
real supersymmetries. By the effect of the rotation, the fu
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sphere gets deformed to the ellipsoidal shape. Contrar
our expectation, the lengths of three axes of the ellips
become all different andSO(3) invariance is broken down
to Z2. Within this branch, if one increases the angular m
mentum further, the shape of the brane becomes hyperb
The relevant BPS equations may be viewed as a deforma
of the BPS equations arising in the matrix model descript
of the supersymmetric tubes@25–27#.

The other branch in general describes a rotating hyp
bolic membrane preserving 1/8 supersymmetries. The c
figuration is embedded in the three space formed by the
coordinates from AdS7 and the remaining one along the S4

direction. When the angular momentum vanishes in t
branch, the configuration becomes 1/4 BPS. The brane t
the shape of hyperboloid. It could either take the shape of
upper/lower part of the two-sheet hyperboloid or the on
sheet hyperboloid (dS2) embedded in the flat three space. W
study the detailed solutions of the static hyperbolic bran
The relevant solutions are provided by the unitary repres
tation of theSO(2,1) algebra. There are five classes of u
tary representation ofSO(2,1) and one may find the corre
sponding brane interpretation for all of the classes.

We further study the spectrum of the transverse sc
fields on the hyperbolic branes. The supersymmetric n
commutative solitons on the branes describe D0 branes
cated at the origin. The translational moduli are complet
lifted by the mass terms. Using these solutions, we comp
the spectrum of 0-2 strings connecting D0 branes to the
perbolic branes.

In Sec. II we introduce the matrix model in app wave
background and review the fuzzy membrane solutions
the collectively rotating D0 brane solutions. In Secs. III a
IV, we study the supersymmetry conditions introducing r
evant projection operators. In particular, we study the t
classes of BPS states. We present the corresponding
tions, including the rotating ellipsoidal membrane, the sta
hyperbolic branes and the rotating hyperbolic branes. In S
V we discuss the detailed solutions of static hyperbo
branes using the unitary representation of SO~2,1! algebra
and give the interpretation in terms of brane configuratio
We study the spectrum of the scalar field on the worldvolu
of hyperbolic brane. Using the noncommutative solitons
this brane, we investigate the spectrum of 0-2 strings.
©2003 The American Physical Society17-1
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II. MATRIX THEORY AND SPHERICAL MEMBRANE

The matrix model in app wave is constructed in Ref.@3#.
The related geometry is AdS73S4 and, in the Penrose limit
the metric and the four form fields become

ds2524dx2dx12S m

6 D 2

@4~x1
21x2

21x3
2!1~x4

21•••1x9
2!#

3~dx1!21dxidxi , F11235m, ~1!

where 1,2,3 directions were coordinates of S4 and the re-
maining six directions are related to the spatial directions
the AdS7. One of the angular directions in S4 is used in the
light cone coordinate. The matrix model Lagrangian@3# in
this background becomes

L5L01Lm ~2!

with

L05
1

2R
trS (

i
~D0Xi !

21R2(
i , j

@Xi ,Xj #
2D 1trS cTD0c

1 i(
i

RcTg i@c,Xi # D ,

Lm52
1

2R S m

6 D 2

trS 4(
i 51

3

Xi
21(

i 54

9

Xi
2D 2

m

4
tr cTg123c

2
m

3
i (
i , j ,k51

3

tr XiXjXke i jk , ~3!

where we set the 11-dimensional Planck lengthl 1151. R
5gsAa8 is the radius of the direction 2x2 and l 11 is related
to the string scale byl 115(2pa8R)1/3. The 16-dimensiona
Majonara spinors are used for the fermionic part and
gamma matrices are taken to be real. The scaleR ~together
with l 11) will be omitted below by setting them at unity. Th
LagrangianL0 is the same as the usual matrix model in@22#.
Lm includes mass terms and the coupling to the four fo
field background.

The system possesses 32 real supersymmetries in
The fields transform under the supersymmetry as

dX52cTg ie~ t !, dA052cTe~ t !,

dc5
1

R S D0Xig i1
m

3 (
i 51

3

Xig ig1232
m

6

3(
i 54

9

Xig ig1231
iR

2
@Xi ,Xj #g i j D e~ t !, ~4!

with

e~ t !5e2(m/12)g123te0 . ~5!

For the remaining 16 supersymmetries, only fermions tra
form asdc5e(m/4)g123tẽ0 while all the bosonic coordinate
04501
f

e

tal.

s-

do not change. Like the usual matrix model, this part of
supersymmetries are realized nonlinearly due to the pres
of N D0 particles.

Because of the mass terms, the flat directions of the u
matrix model completely disappear. Furthermore, the c
pling term to the four form field strength may induce th
dielectric effect@23#.

In this paper we shall focus on the nonperturbative sta
in the matrix model of app wave background. As found in
Ref. @3#, there are solutions preserving 1/2 supersymmetr
We briefly review this fuzzy sphere configuration for th
later comparison. From the supersymmetric transforma
of the fermionic coordinate, the BPS equation becomes

@Xi ,Xj #5 i
m

3
e i jkXk ~6!

for i , j ,k51,2,3, D0Xi50 for all i, and X45•••5X950.
The solutions are given by a fuzzy sphere; writingXi
5(m/3)Li , one sees that

@Li ,L j #5 i e i jkLk ~7!

and solutions are given by a unitary representation
SU(2). For then52 j 11 dimensional representation wit
Casimir j ( j 11), the fuzzy sphere is described by

X1
21X2

21X3
25S m

3 D 2

j ~ j 11!5S m

6 D 2

~n221!. ~8!

The translations do not give new solutions and the rela
moduli are lifted completely. Since 1,2,3 coordinates are
lated to S4, it is clear that the above configuration wraps
sphere in S4 and may be identified as a giant graviton in
pp-wave background@24#.

In Ref. @3#, solutions preserving 1/4 of supersymmetri
were found. An example is

~X41 iX5!~ t !5e6 i (m/6)t~X41 iX5!~0!, @X4 ,X5#50.
~9!

In the basis diagonalizingX4 and X5 simultaneously, D0
branes taking definite time-dependent positions rotate aro
the origin at the same angular frequency as their natural
quencym/6 of the harmonic potential. Hence we see that
motion of D0 branes are the usual particle motion in t
harmonic potential, which is nothing to do with the form
tion of expanded higher-dimensional branes.

Of course, similar solutions may be obtained by replac
Eqs. ~4!, ~5! with any other pairs. In addition, there is
similar 1/4 BPS solution by taking a pair of indices fro
1,2,3 with time dependencee6 i (m/3)t. Again the angular fre-
quency and the natural frequency agree to each other.

III. ROTATING ELLIPSOIDAL BRANES

In this section we shall investigate more closely the c
where only the first three components ofXi are turned on.
The resulting configuration in general preserves 1/4 sup
symmetries restoring 1/2 supersymmetry in the static lim
7-2
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As we will see, the configuration corresponds to a deform
tion of the spherical membrane to a time-dependent ellip
dal one. There is at least one parameter family of soluti
describing the deformation. If this parameter approache
certain critical value, the ellipsoid collapses in two dire
tions. Beyond the critical value, the membrane surface ta
a shape of hyperboloid.

From the combination ofg i( i 51,2,3), the only real pro-
jection operator is of the type

P6
1 5

16n̂ig i

2
, ~10!

wheren̂i is a real vector of unit size. Without loss of gene
ality, we shall choosen̂i to the 3 direction using the globa
SO(3) symmetry.

The supersymmetry condition,dc50, then leads to BPS
equations,

i @X1 ,X2#1
m

3
X350, D0X350,

i @X1 ,X3#~6 !2
m

3
X2~6 !1D0X150,

i @X2 ,X3#~6 !1
m

3
X1~6 !1D0X250, ~11!

by setting the coefficient ofP6
1 e0. For the remaining super

symmetries, we shall satisfy the equations for just one cho
of the sign. In addition, there is the Gauss law constrain

@X1 ,D0X1#1@X2 ,D0X2#50. ~12!

For definiteness, we shall choose the ‘‘1 ’’ sign projection
corresponding to the remaining supersymmetries satisfy
e052g3e0. Working in a gaugeA05X3, the last two equa-
tions reduce to

Ẋ11 iẊ252
m

3
i ~X11 iX2!, ~13!

whose solution reads

X11 iX25e2(m/3)i t~X01 iY0! ~14!

with constant Hermitian matricesX0 and Y0. The second
equation in Eqs.~11! implies thatX3[Z is constant in time.
Using this solution, the full set of BPS equations are redu
to

†X0 ,@X0 ,Z#‡1†Y0 ,@Y0 ,Z#‡22S m

3 D 2

Z50,

@X0 ,Y0#5 i
m

3
Z. ~15!
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These generalize the BPS equations associated with the
persymmetric tubular branes by a mass parameter@26,27#.
The general solutions of these coupled equations are
known.

WhenZ50, the above equations may be trivially satisfi
and the solutions in Eq.~14! with commutingX0 and Y0
describe the rotating 1/4 BPS D0 branes discussed in
preceding section.

For more general solutions, we try the following ansat

@Z,X0#5 i
m

3
~11a!Y0 , @Y0 ,Z#5 i

m

3
~12b!X0 .

~16!

The first equation in Eqs.~15! then implies thata5b. The
momentum becomes

D0X11 iD 0X252 i
ma

3
e2(m/3)i t~X02 iY0!. ~17!

When uau<1, the solution may be presented as

X05
m

3
A11aL1 , Y05

m

3
A12aL2 , Z5

m

3
A12a2L3

~18!

with the generators of the SO~3! algebra@Li ,L j #5 i e i jkLk .
The shape is determined by the Casimir of the SO~3! repre-
sentation and given by

X0
2

11a
1

Y0
2

12a
1

X3
2

12a2
5S m

3 D 2

j ~ j 11!. ~19!

When a50, the solution becomes spherical andD0X1
5D0X250. Though we are using here a different gaug
this corresponds to the 1/2 BPS spherical membrane
scribed in the previous section. Otherwise the solutions
scribe rotating ellipsoidal branes, which is 1/4 BPS. The to
energy for this configuration and the angular momentum
evaluated as

H5S ma

3 D 2

tr~X0
21Y0

2!5
a2

6 S m

3 D 4

n~n221!,

J125tr~X1D0X22X2D0X1!52
a2

6 S m

3 D 3

n~n221!

~20!

for then-dimensional representation of the SO~3! algebra. As
we see from Eq.~19!, the rotation in the 12 plane makes th
shape of the brane elliptical. However, the deformation
more than expected. The lengths of three axes becom
different and SO(3)R symmetry of the model is broken
down to at most discrete subgroups.

For uau.1, the rotating membrane takes the shape o
hyperboloid. Specifically fora.1, the solution may be pre
sented as
7-3
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X05
m

3
A11aK1 , Y05

m

3
Aa21K2 , Z5

m

3
Aa221K3

~21!

with the generators of the SO~2,1! algebra@K1 ,K2#5 iK 3 ,
@K3 ,K1#5 iK 2 and @K2 ,K3#52 iK 1. The Casimir operator
in this case isK5K2

21K3
22K1

2 and the shape is described b

X0
2

11a
2

Y0
2

a21
2

X3
2

a221
52S m

3 D 2

K. ~22!

There is a nonvanishing angular momentum in the 12 pla
The detailed representation of the SO~2,1! algebra will be
presented in the next section where we discuss the s
hyperboloid.

IV. ROTATING 1 Õ8 BPS HYPERBOLIC BRANES

To look for the other BPS configurations, let us turn
one component out of 1,2,3 directions and two compone
out of the remaining six directions. Specifically we turn
X3 , X4 and X5. The unbroken supersymmetry conditio
dc50, may be written as

M 1S D0X4g41D0X5g52
m

6
~X4g41X5g5!g123

1 i @X4 ,X3#g431 i @X5 ,X3#g53D e01M 2S D0X3g3

1
m

3
X3g3g1231 i @X4 ,X5#g45D e050, ~23!

whereM 6[e6(m/12)g123t. We now introduce real projection
operators

P6
1 5

16g3

2
, P6

5 5
16g12345

2
~24!

and it is straightforward to see that the above equation
duces to

i @X4 ,X5#~1 !~6 !5
m

3
X3~6 !~1 !, D0X350,

i @X4 ,X3#~6 !~1 !5
m

6
X5~1 !~6 !2D0X4 ,

i @X5 ,X3#~6 !~1 !52
m

6
X4~1 !~6 !2D0X5

~25!

by setting coefficients ofP6
1 P6

5 e0 to zero. Here the signa
tures in the first parentheses of each term represent th
the projection operatorP6

1 whereas the second signatures
P6

5 (1) represents that the projection operators are not
volved. The configuration should satisfy the Gauss law,

@X4 ,D0X4#1@X5 ,D0X5#50. ~26!
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For the remaining supersymmetries, the above equat
should satisfy at least one set of the choice of the signatu
Let us choose theP1

1 P2
5 case. The other choices can b

treated similarly. WhenZ50, @X4 ,X5#50 follows from the
first equation of Eq.~25!. The remaining equation reduces
the 1/4 BPS equation~9! discussed in the preceding sectio
with the remaining supersymmetries given byP6

5 e0.
Nonrotating solutions are given only ifD0X45D0X5

50. The corresponding BPS equations become

@X4 ,X5#51 i
m

3
X3 , @X5 ,X3#52 i

m

6
X4 ,

@X3 ,X4#52 i
m

6
X5 . ~27!

The configuration is 1/4 BPS and the remaining supersy
metries are given by the projection (P1

1 P2
5 1P2

1 P1
5 )e0. This

projection is equivalent to a single projection operatorP2
4

defined by

P6
4 [

16g1245

2
. ~28!

One could useP1
1 P1

5 1P2
1 P2

5 5P1
4 by which again we get

SO~2,1! algebra corresponding to the parity operation of E
~27!. Later we shall analyze details of this static case.

For a more general case, again we choose a gaugeA0

5X3 and the projectionP1
1 P2

5 . The last two BPS equation
then become

Ẋ41 iẊ55
m

6
i ~X41 iX5!, ~29!

whose solution reads

X41 iX55e(m/6)i t~X01 iY0! ~30!

with constant Hermitian matricesX0 and Y0. The second
equation in Eq.~11! implies thatX3[Z is constant in time.
Using this solution, the BPS equations are reduced to

†X0 ,@X0 ,Z#‡1†Y0 ,@Y0 ,Z#‡1S m

3 D 2

Z50,

@X0 ,Y0#5 i
m

3
Z. ~31!

The essential difference from Eq.~15! is the signature in
front of the mass square term. These equations in gen
describe 1/8 BPS configurations preserving four real sup
symmetries. Again we do not know how to solve the equ
tion in general. Taking the ansatz

@Z,X0#52 i
m

6
~11a!Y0 , @Y0 ,Z#52 i

m

6
~12b!X0 ,

~32!

one findsa5b from Eq. ~31!. The momentum in 45 direc
tions then becomes
7-4
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D0X41 iD 0X55 i
ma

6
~X02 iY0!e(m/6)i t . ~33!

Thea50 case corresponds to the 1/4 BPS configuration w
vanishing momentum. For generala, the configuration takes
a shape

X0
2

2~11a!
1

Y0
2

2~12a!
2

X3
2

12a2
5S m

6 D 2

Casimir, ~34!

rotating in the 45 plane.
The total energy and the angular momentum for this

BPS configuration are evaluated as

H5S m

6 D 2

tr@~a22a11!X0
21~a21a11!Y0

214Z2#,

J455tr~X4D0X52X5D0X4!5
am

6
tr~X0

22Y0
2!. ~35!

As uau grows, the angular momentum in general increa
and the shape changes accordingly. But in this 1/8 B
branch, the instant shape of the brane configuration alw
takes the form of the hyperboloid as we see in Eq.~34!.

V. STATIC HYPERBOLIC BRANES AND THEIR
FLUCTUATION SPECTRUM

In the preceding section we have obtained static 1/4 B
configurations. With definitions

X45
m

3A2
K1 , X55

m

3A2
K2 , Z5

m

6
K3 , ~36!

the BPS equations in Eqs.~27! implies thatKi satisfies the
SO~2,1! algebra. Namely,@K1 ,K2#5 iK 3 , @K3 ,K1#52 iK 2

and @K2 ,K3#52 iK 1, which we write as@Ki ,K j #5 i f i j
k Kk

using a SO~2,1! structure constantf i j
k . The Casimir operator

in this case isK5K1
21K2

22K3
2 and the shape of the configu

ration is described by

1

2
~X4

21X5
2!2X3

25S m

6 D 2

K. ~37!

The BPS branes are classified by all possible unitary r
resentations of SO(2,1) algebra, which have been alre
worked out in the literature@28–30#. The basic idea is to
introduce the step operators by

K65K17 iK 2 , ~38!

which satisfy the commutation relations

@K3 ,K6#56K6 , @K2 ,K1#52K3 . ~39!

Let us work in a basis diagonalizingK andK3, the eigenval-
ues of which are denoted, respectively, byk and m. Using
K25K1

† in the unitary representation, the relation

K7K65K1K3~K361! ~40!
04501
h

8

s
S
ys

S

p-
dy

gives a requirement

k1m~m61!>0, ~41!

for all m. Then there are basically the following five class
unitary representations parametrized byj with k52 j ( j
21).

~1! Discrete representationsD j
1 . The representation is

realized in the Hilbert space

D j
15$u jm&;m5 j , j 11,j 12,j 13•••%, ~42!

whereu j j & is annihilated byK2 . j is real and positive for the
unitary representation.

~2! Discrete representationsD j
2 . The Hilbert space is

D j
25$u jm&;m52 j ,2 j 21,2 j 22,•••%, ~43!

whereu j 2 j & is annihilated byK1 . j is real and positive for
the unitary representation.

~3! Continuous representationsC j
a . The Hilbert space is

C j
a5$ua; jm&;m5a,a61,a62,•••%, ~44!

and 0<a,1 without loss of generality. The representatio
is unitary if j 51/21 is with real s.

~4! Complementary continuous representationsE j
a . The

Hilbert space is

E j
a5$ua; jm&;m5a,a61,a62,•••%, ~45!

and 0<a,1 without loss of generality. For 1/2, j ,1 with
j 21/2,ua21/2u, the representation becomes unitary.

~5! Identity representation. This is a trivial representation
with j 5m50.

All of the nontrivial unitary representations are solutio
describing 1/4 BPS configurations. The caseD j

1 describes a
hyperbolic plane corresponding to the upper plane of
two-sheet hyperboloid as depicted in Fig. 1. There is a ro
tional symmetry in the 45 plane. In this case, the Casi
operator takes a valuek51/42( j 21/2)2 with j .0. For j
>1, the upper part of the plane defined by Eq.~37! precisely
agrees to the one in Fig. 1. When 0, j ,1, the plane defined
by Eq. ~37! takes the shape of dS2. Because the eigenvalu
of X3 is bounded below in this case, we view that the bra
still takes the shape of the upper plane of the two-sheet
perboloid in the figure even for 0, j <1. Presumably the
effect of noncommutativity on the brane induces this kind
correction and makes the tip closed off.

One may understand the configuration as follows. With
a pp wave background, there is a usual M2 brane in the
plane that shares one direction with M5 branes. Now c
sider the situation where one holds the circular boundary
large M2 brane at a fixedX3 location. The mass term in th
presence of app wave corresponds harmonic confining p
tentials in the target space. Since the region at the origin
a lower potential, the M2 brane gets deformed toward
origin in order to take advantage of the lower potential.
course, there is a cost of energy by the increase of a
7-5
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together with a curving of the brane. These contributions
balanced in the above configurations.

The other discrete representationD j
2 corresponds to the

lower part of a two-sheet hyperboloid. FromD j
1 , one may

obtainD j
2 by the transformationX3→2X3.

The continuous representation corresponds to a bran
the shape dS2. Namely the upper and lower parts of th
two-sheet hyperboloid are connected by a tubular throat.
tube, in general, does not close off along the throat. Also
D0 branes are located along theX3 direction with equal spac
ing D5m/6, which one can read off from the eigenvalues
X3. For C j

a , k51/41s2, which determines the classica
shape. Especially, the fatness of the throat is determine
the Casimir. Unlike the case of the discrete representati
there is an extra parametera for a givenk. SinceD0 branes
in theX3 directions are located with the equal spacingD, the
configuration has a periodicityD along X3 directions about
the locations of D0’s. Hence the parameterma/6 (0<a
,1) precisely describes the locations of a D0 brane wit
0<x3,D.

For E j
a , k51/42( j 21/2)2P(0,1/4) with 1/2, j ,1 and

the throat becomes narrower asj approaches 1. The effect o
the noncommutativity along the throat becomes crucial
this case. In particular, the freedom of locating aD0 brane in
the unit interval gets lifted due to the too narrow throat. A
the lattice translational freedom of theD0 brane location
breaks down partially. By this one may understand the
striction of the locational parametera given by j 21/2,ua
21/2u. The detailed dynamical investigation of thek depen-
dence of the D0 brane location will be quite interesting.

Finally we like to discuss the spectrum of the fluctuati
around the hyperbolic brane background. For simplicity,
like to take the case of the upper part of a two-sheet hyp
boloid of the representationD j

1 . Among the degrees, w
like to concentrate on the transverse fluctuation alo
6,7,8,9. Let us call themf. Then the effective Lagrangia
governing the quadratic fluctuation becomes

FIG. 1. We illustrate here the upper plane of a two-sheet hyp
boloid.
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Leff5
1

2
trF ḟ22S m

6 D 2

f22 (
i 53,4,5

f†X̄i ,@X̄i ,f#‡G , ~46!

whereX̄i denotes the brane solution. Here we choose a ga
A050. In order to find the spectrum, one has to diagona
the above effective action, for which we proceed as follow
The scalar field in general may be written in components

f5(
nm

fnmu jn&^ jmu. ~47!

We now define

K̃ if[2fKi , ~48!

which acts on^ jmu. Then it is simple to show that the
satisfy the SO~2,1! algebra, i.e.@K̃ i ,K̃ j #5 i f i j

k K̃k . Hence,

@Ki ,f#5~Ki1K̃ i !f5Jif ~49!

with the total generatorJi5Ki1K̃ i . Also note that the base

^ jmu form the representationD j
2 with respect toK̃ i . The

problem is then reduced to the decomposition of the prod
representation ofD j

1
^ D j

2 into the sum of irreducible rep
resentation of theSO(2,1) algebra. They are given by@30#

D j
1

^ D j
25E

s50

`

C 1/21 is
a50 . ~50!

Hence in these bases denoted byf (s,n) with non-negatives
and integern, one has

(
i 53,4,5

†X̄i ,@X̄i ,f (s,n)#‡5S m

6 D 2S 1

2
12s213n2Df (s,n) .

~51!

By adding the contribution from the original mass term
Eq. ~46! which is already diagonal in the basisf (s,n) , the
total mass squared is

Ms,n
2 5S m

6 D 2S 3

2
12s213n2D . ~52!

Similarly one may compute the mass spectrum of the sc
in ~1,2! directions and they are

M̃ s,n
2 5S m

6 D 2S 9

2
12s213n2D . ~53!

From the expressions, it is clear that there are no mass
modes and there are no moduli related to the brane pos
in the transverse space.

Finally we like to mention the spectrum of 0-2 string
connecting the upper brane of a two-sheet hyperboloid
D0 branes sitting at the origin. The D0 branes may be giv
as a localized noncommutative soliton solution@31–34# from
the view point of the worldvolume theory of the brane. F

r-
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SUPERSYMMETRIC BRANES IN THE MATRIX MODEL . . . PHYSICAL REVIEW D 67, 045017 ~2003!
simplicity, we consider the representationD j
1 . It is straight-

forward to check that the following solution satisfies the B
algebra~27!:

X45
m

3A2
SK1S†, X55

m

3A2
SK2S†, Z5

m

6
SK3S†,

~54!

where we define a shift operatorS such that

S†S5I , SS†5I 2P ~55!

with an l-dimensional projection operatorP. The solution
describesl D0 branes sitting at the origin@32,34#. Again due
to the mass terms in the model, the translational modul
D0 branes completely disappear. In this BPS configurat
they are located at the origin, which is the minimum point
the potential. More explicitly, for the projection operatorP
5u j j &^ j j u, the corresponding shift operator may be co
structed as

S5 (
n50

`

u j , j 1n11&^ j , j 1nu. ~56!

In the background of this solution, one may compute
spectrum related to the 0-2 string. In particularf in the
transverse directions decomposed asf5PfP1Pf P̄

1 P̄fP1 P̄f P̄ with P̄5I 2P. The quadratic part of eac
term contributes to the action independently. One may t
explicitly check thatPfP describes the fluctuation of D0’
while the P̄f P̄ part describes the fluctuation of the origin
hyperbolic brane. The remaining part has to do with the
strings. Namely, they describe the interaction between the
branes and the hyperbolic brane. In the transverse direc
the spectrum may be evaluated straightforwardly.~See Refs.
@32,34# for the detailed methods.! The resulting spectrum fo
Pf P̄ in the 6,7,8,9 directions reads

Mna
2 5S m

6 D 2

@112 j ~12 j !13~ j 1n!2#, ~57!

wherea labels theath D particle andn50,1,2, . . . . For the
1,2 direction, the mass spectrum is given by

M̃na
2 5S m

6 D 2

@412 j ~12 j !13~ j 1n!2#. ~58!

In these expressions, the constant parts, 13(m/6)2 or 4
3(m/6)2, come from the original mass terms of the L
s
.

er

04501
f
n,
f

-

e

n

2
0
n,

grangian~3!. The remaining parts take the same form a
may be interpreted as the distance squared between D0
the origin and thenth D0 brane on the hyperbolic brane
More explicitly, the distance may be measured asdn

25^ j j
1nu(X4

21X5
21X3

2)u j j 1n& on the solution, which agree
with the remaining parts of the masses squared.

VI. CONCLUSION

In this paper we study the generic two brane solutio
arising in the matrix model of app wave background. There
are two branches we have identified. One is the 1/4 B
branch where the rotating branes take an ellipsoidal sh
The others include 1/4 BPS static hyperbolic branes and
tating hyperbolic branes preserving 1/8 of the supersym
tries. We focus on the static branes of the hyperbolic sh
and find all possible solutions classified by the unitary re
resentation of the SO~2,1! algebra. We have computed th
spectrum of the transverse fluctuation as well as 0-2 strin

In the matrix model of app wave background, it is clea
that the static flat branes are not supported because of m
terms. Also, the supersymmetric charges in this system
time dependent and do not commute with the Hamiltoni
which makes it difficult to apply the conventional methods
finding BPS equations. In this respect, we do not know
whole classifications of possible BPS equations in the s
tem. Also for the BPS equations identified in this paper,
general solutions are not known and our solutions are
tained by taking specific ansatz. A more systematic und
standing of the BPS states in this massive matrix mode
necessary.

The detailed dynamical understanding of the formation
deformation of the branes are still lacking. For the rotati
ellipsoidal shape of branes, the lengths of all the axes
comes different. If one increases the angular velocity,
ellipsoidal brane opens up and becomes hyperbolic. W
these are so dynamic is not clear to us. Further investiga
is necessary.

We have computed the spectrums of the 0-2 string c
necting D0 to the static hyperbolic brane. This may be
rectly compared with those of string theory in app wave
background.
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